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BIVARIANT A-THEORY WITH M/Z-COEFFICIENTS AND RHO 
CLASSES OF UNITARY REPRESENTATIONS 

PAOLO ANTONINI, SARA AZZALI AND GEORGES SKANDALIS 


Abstract. We construct equivariant AA-theory with coefhcients in R and R/Z as suitable 
inductive limits over Ili-factors. We show that the Kasparov product, together with its usual 
functorial properties, extends to AA-theory with real coefficients. 

Let r be a group. We define a P-algebra A to be K-theoretically free and proper (KFP) 
if the group trace tr of P acts as the unit element in KK^{A, A). We show that free 
and proper P-algebras (in the sense of Kasparov) have the (KFP) property. Moreover, if 
P is torsion free and satisfies the AA'^-form of the Baum-Connes conjecture, then every 
F-algebra satisfies (KFP). 

If a : F -> Dn is a unitary representation and A satisfies property (KFP), we construct in 
a canonical way a rho class e KK^’^^{A, A). This construction generalizes the Atiyah- 
Patodi-Singer A-theory class with R/Z coefficients associated to a. 


Introduction 

Let V be a closed manifold with fundamental group L. The symmetric index of an elliptic 
pseudodifferential operator D on V is an element of the A-theory of the group C’^-algebra 
indr(A) e Ao(C"r). 

Atiyah’s L^-index theorem for covering spaces ([2]) expresses the triviality of the group 
trace on this element: it states that the image of the index class indr(A) by the trivial 
representation of T, which is the ordinary index of D, coincides with the image of indr(D) 
by the group trace of T, i.e. the von Neumann index of the associated T-invariant operator 
acting on the universal cover V. 

This property of the group trace in Atiyah’s theorem is equivalent to the fact that the 
Mishchenko bundle with fibre a Ili-factor can be trivialized. This plays a crucial role in the 
construction of secondary invariants. 

Let a ; T ^ A„ be a unitary representation. Atiyah, Patodi and Singer constructed a class 
[q;]aps in the A-theory of V with M/Z-coefficients in a way that the pairing of [oJaps with 
the A-homology class [D] is equal in M/Z to the reduced rho invariant [3l 0]. 

We showed in [T], to which we refer the reader for a more comprehensive literature, that 
the class [oJaps can be given by a purely A-theoretical construction, using von Neumann 
algebras. In this description, [oJaps is a relative class, represented by two bundles which be¬ 
come isomorphic when twisted by a bundle with fiber a Ili-factor. In a sense we showed that 
[q:]aps can be constructed as a secondary invariant built as a consequence of the triviality 
of the trace in Atiyah’s L^-index theorem. 
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In the present paper, we examine general cases for which the same triviality of the trace 
occurs and associate to them secondary invariants in an appropriate ii'ii'-theory with M/Z 
coefficients. 

To do so, we first have to give a general definition of KK-llieoiy with M and M/Z coeffi¬ 
cients. 

It is quite clear that the KK-theoiy with real coefficients should naturally be defined 
using Ill-factors; in other words, one is tempted to put KK^{A,B) = KK{A,B ® M) 
where M is a Ili-factor. We immediately fall into the question: which Ili-factor should be 
chosen? If A and B are in the bootstrap category, the group KK{A,B 0 M) is equal to 
Hom(i^»(A) K^(B) 0 M) whence does not depend on the Ili-factor M. But in general, 
this group depends (a priori) on M. There is of course a “minimal choice” for M, namely 
the hyperhnite Ili-factor R, but we need here factors big enough to contain the group von 
Neumann algebra of our T: then it is not reasonable in this discussion to assume T to be 
amenable, since the typical T is a dense subgroup of Un- On the opposite, Ozawa ([22]) 
proved that there is no “maximal choice” for M. 

Our solution is to define KK^{A,B) as the inductive limit of KK{A,B 0 M) over all 
Ill-factors M. It is not too difficult to give a sense to this inductive limit. One extends also 
very easily the Kasparov product with all its functorial properties and associativity to the 
KK]R-theory (using von Neumann tensor products). 

We then dehne KK^ji as the inductive limit of KK(A,B®Cone{C M)). The mapping 
cone exact sequence yields the Bockstein change of coefficients sequence. 

In the same way, one defines all the equivariant KK-theories with M and M/Z coefficients, 
letting the group (or more generally a group-like object) act trivially on the Ili-factors. 

A tracial state r on a C^-algebra D may be though of as a generalized morphism to 
a Ill-factor: in fact, there is a Ili-factor M and a tracial morphism D M, so that we 
obtain a class [r] in KK^(D,C). Using Kasparov product, we then obtain morphisms 

: KK{A, B 0 D) KK^{A,B) for every C^-algebras A and B. 

Let now T be a group. A tracial state on U^T defines an element in KK^(C*T,C). This 
group bares a ring structure using the coproduct of T, and is actually equal to the equivariant 
group KK^{C,C). 

Denote by tr the group trace of T and [tr]^ its class, which is an idempotent of the ring 
KK]^(C,C). As all the Kasparov groups KK^{A,B) are modules over this ring, a natural 
question is: what is the image of this idempotent on these KK^(C,C) modules? 

We will be interested on those C*-algebras A endowed with an action of T (in short, such 
an A is called a T-algebra), for which the element [tr]^ acts as a unit element in KK^{A, A). 
This means that 1^ 0c [tr]'" = ^ ^^)■ When this holds, we say that A satisfies 

property (KFP). 

This definition is inspired by the commutative case where the deck group T of a Galois 
covering U of a closed manifold V acts on C'o(U). Atiyah’s theorem in [2j can be interpreted 
as stating that the T-algebra Co{V) satisfies property (KFP). 

In this commutative case, property (KFP) comes from the fact that the action of F on U 
is free and proper. This is why algebras satisfying this condition are thought of as being in 
a sense K'-theoretically free and proper. 

Let [a]'" 6 KK^{C,C) be the class of a unitary representation a : T ^ Un{C) in the 
Kasparov representation ring. Since the regular representation of F absorbs, we have [a]'" 0 
[tr]^ = n.[tr]'". If A is a F-algebra with property (KFP), then the difference l[]0[a]'"-nl^ e 
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K{A, A) vanishes in KK^{A,A), and thus has a lift under the boundary map 

d:KK^^J^{A,A)^KK^{A,A) 

of the Bockstein sequence. Our main construction, Theorem 12.71 is in fact a transgression of 
[a]^, i.e. a canonical lift e KK^^{A,A) that we call the rho class associated to A and a. 
It generalizes the APS class and it is additive with respect to direct sum of representations; 
its behavior with respect to tensor products is also easy to describe. Furthermore is 
functorial with respect to the algebra A and, more generally, with respect to the action of 
the A'A''"-groups by Kasparov product. 

To complete the construction, it is then natural to exhibit classes of algebras satisfying 
property (KFP). 

• The first example comes from the Mishchenko bundle, i.e. the already mentioned 
cocompact regular covering space V: Co{V) satisfies property (KFP). In this case, 

we compare the rho class with the element [a]AP 5 - 

• Based on the example of the Mishchenko bundle, we prove that free and proper 
P-algebras in the sense of Kasparov satisfy property (KFP). 

• Moreover, property (KFP) is obviously invariant under KK^-(sub)equivalence. It 
follows that if F is torsion free and satisfies the KK^-form of the Baum-Connes 
conjecture, then every F-algebra satisfies property (KFP). 

• If P is torsion free and has a 7 element in the sense of Kasparov, then we can construct 
in this way the 7 part of and therefore of p^ for any F-algebra A. 

• Using a result of Guentner-Higson-Weinberger ([IS]), we moreover deduce a construc¬ 
tion of p^ whenever q;(F) has no torsion. 

Finally, we state a weakening of property (KFP), called the the weak (KFP) property, 
saying that the image of [tr] by Kasparov’s descent morphism jr in KK-^(AxT,A>^T) is the 
unit element. Under this condition, we construct a weaker rho class p^ e KKj^yg(Axr, AxP). 

We show that these two constructions are related: if A satisfies property (KFP), then p^ = 
jr{pa)- 

Here is a summary of our paper: 

• In the first section, we construct the KK-theory with coefficients M and M/Z. We 
also discuss a few other K-theoretic constructions as the torus algebra of a pair of 
maps tpi : A ^ B and the corresponding six term exact sequence in (equivariant) 
KK-theory. 

• In the second section we introduce property (KFP) and construct the rho element 
associated to a finite dimensional unitary representation. 

• In the third section we discuss examples of P-algebras with property (KFP). 

• Finally, in section 4, we introduce a weakening of property (KFP) and construct the 
corresponding weak rho class. 

1. K-THEORETIC CONSTRUCTIONS 

1.1. Some conventions. We will freely use Kasparov’s iFAT-groups and notation from [181 

□S]. 

Let us fix a few conventions that will be used throughout the text: 

• In what follows, by trace on a G’^'-algebra we will mean a finite (positive) trace. 
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• All traces on von Neumann algebras that we consider, and all morphisms are assumed 
to be normal. 

• The suspension of a C’^-algebra A is SA = C'o((0, 1),A). 

• If A is a C’^-algebra, we denote by 1a the unit element of the ring KK(A,A). If A 
is a T-algebra, the unit element of the ring KK^{A,A) will be denoted by 1^. If 
u : A ->■ B is an equivariant morphism, we will denote by lul'" e KK^(A,B) its class: 

• More generally, if E is an equivariant Hilbert H-module endowed with a left action 
of A through an equivariant morphism A 1C{E), we will denote by [i?]'" the 
corresponding class in KK^{A,B). 

• In what follows, 0 means minimal tensor product. Note however that we could do 
the construction below using maximal tensor products (and normal tensor products 
wherever von Neumann algebras are involved) as well. 

However, if T is a locally compact group, C^T will denote the full group C*-algebra 
of r. 

• If u e KK^{Ai,Bi) and v e KK^(A 2 ,B 2 ), we will denote by u 0 u e KK^(Ai 0 
A 2 ,Bi 0 B 2 ) their external A'A'-product. 

• In particular, if x e KK^(A,B) and L) is a T-algebra 1^ 0 x e KK^{D ® A,D ® B) 
is the element noted T£){x) in [18]. 

Remark 1.1. In this paper, we deal with KK-iheory in connection with von Neumann alge¬ 
bras. A von Neumann algebra is (almost) never a separable C^-algebra. 

On the other hand, recall from [291 Remark 3.2] that if A and B are C’^-algebras with A 
separable then KK{A, B) is the direct limit over the separable subalgebras of B. One then 
should define KK{A,B) with A not separable as the projective limit over all separable sub¬ 
algebras of A. Kasparov’s KK-group maps to this new KK(A,B) and, with this definition, 
the Kasparov product : KK{A,D) x KK(D,B) KK(A,B) is defined for any triple 
of C^-algebras with no assumptions of separability of any kind, as well as the more general 
0 £) : KK(^Ai, Bi 0ZI) KK(^D ® A2, B2) KK(^A\ 0 A2, i?i 0 H2). 


1.2. Torus algebra. Let A,R be C*'-algebras and ■ A ->■ B two *-homomorphisms. 

Define the corresponding torus algebra to be 

= {{a,f) e AxR[ 0,1]; /(O) = y?o(o) and /(I) = <y9i(a)}. 


We will use the following straightforward functorial properties: 

(1) ii if A —^ B then T{ifOjfi) ® D = T{fo ® idD , 0> id^)- 

(2) Every f : D —> A induces f* : T{foo f,ipi of) —. T{ipo,fi). 

(3) Every f : B—> D induces f^ :T{fo,(pi) —> T{f o fo, f o ipi). 

(4) Let (/^o, , V’o) V’l ■ A^ B; if fi is homotopic to the corresponding torus algebras 

T{fo,fi) and T('0O)V’i) are homotopy equivalent. More precisely, if ^ ^ 

i?[0,1] are morphisms joining fo to V’o and fi to V’l (lc such that (<I'i(a))(0) = 
fi{a) and (<I>j(a))(l) = V’i(a) for all a e A), we construct a homotopy equivalence 
T{fo,fi) ^T(V’o,V’i) mapping (a,/) to {a,g), where 


9{t) 


f$o(l-3t) 

/(3t-l) 

4>i(3t-2) 


if 0 < t < 1/3 
if 1/3 < t < 2/3 
if 1/3 < t < 2/3. 



BIVARIANT A-THEORY WITH R/Z-COEFFICIENTS AND RHO CLASSES 


5 


We have an exact sequence 0-^ SB —^ ^ A - 9 - 0 (with completely 

positive lifting), where p : T{ipo, (/ 9 i) ^ A is the morphism (a, f)^a and h : SB T{ipoifi) 
is the map / ( 0 ,/). 

The corresponding connecting map is [(/?o] ~ [v^i]- We then have: 

Proposition 1.2. Let T be a discrete group, and let A,B,C,D be T-algebras. Let (po,pi ■ 
B be T-equivariant morphisms. We have six term exact sequences 


KK^{C, D ® SB) —^ KK^{C, D ® T{po,ipi)) KK^{C, D ® A) 


KK^{C,D®SA) 


(vo)»-(vi)» 

— KK^^^iC, D ® r{po,pi)) KK^{C, D®B). 


There is also an analogous exact sequence with reversed arrows for A, B andT{ipo,pi) on 
the left hand side. 

Proof. Although this follows from |18l [28] (at least in the non equivariant setting), we wish 
to outline here that this is a Puppe type exact sequence and holds automatically for every 
homotopy functor (see m)- In particular, it holds for the equivariant A'A'^'-theory as we 
will use it. 

Exactness at A: This is in a sense just tautological; for x e KK^{C,D ® A), we 
have (y?o)»-(a;) = if and only if these elements are homotopic i.e. if x is in 

p*{KK^{C,D®T{ipo,Ti)))- 

Exactness at T: The mapping cone of p is T((^o°eo, ocq) where cq : C'o([0, 1 ), A) ^ 
A is the evaluation at 0. As cq is homotopic to the evaluation at 1, which is the 0 map, 
this torus algebra is homotopy equivalent to T(po ° ^i, pi o ei) = © Co([0,1), A) 

whence to SB. More precisely, the inclusion of the kernel SB of p in the mapping 
cone of p is a homotopy equivalence. Use then the Puppe sequence which holds in 
full generality. 

Exactness at B: The mapping cone of p is T{po,pi) where tpi : SA -9 C'o([0, 1),S) 
are f ^ f . These maps are again homotopic to 0, whence T{<po, Pi) is homotopy 
equivalent to SA. □ 


Remarks 1.3. (1) Let P 0 )Pi '■ A B he morphisms and uq,ui e B unitaries. Then we 

have a natural Morita equivalence between the torus algebras T (po) Pi) and T( Ad^o ° 
po, Ad„^ o tpi). Indeed the space E = {(a,/) e A X S[0,1]; /(O) = ttoPo(«); /(I) = 
Mipi(a)} is the desired Morita equivalence bimodule. 

If [E] denotes the associated element in KK{T{Aduo otpg, Ad„j o(p^),T(po,pi)), 
we have 

p.[E] = [p:], {hr[E] = [h] 

where p ; T(po, pi) ^ A and p' : T{AduQ o pg, Ad„^ o ipi) ^ A denote the evaluation 
morphisms (a,/) 1-^ a, and h : SB T(po,Pi) and h' : SB T(Ad„p o (pg, Ad^jj o 
pi) ^ A denote the morphisms / 1-^ (0,/). 

(2) Let Ag and Ai be C^-algebras with pg : Ag ^ E and pi : Ai ^ E be two morphisms. 
Recall that the associated double cylinder is defined by E(pg,pi) = {(ag,oi,/) e 
Ag X Ai X E[0,1]; /(O) = pg(ag) and /(I) = pi(ai)}. Given unitaries uq,ui e E, 
there is a canonical Morita equivalence E(pg,pi) and E(Ad„g o (pg,AdM^ ° Pi)- In 
fact, we may put A = Ag x Ai and if : A ->■ B, ifi{aQ,ai) = (pi{ai),i = 0,1}; then 
Z(pg,pi) identifies with T{ifo,ifi). 
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1.3. KK-t\vGory with real coefficients. It is natural to try to define the XiiT-theory with 
real coefficients as KK{A,B 0 M), where M is a Ili-factor. On the other hand, it is not 
clear which M we should choose. 

We give here a natural construction of KK^ taking into account all possible such M. 

Take a separable Hilbert space H and consider the set of all Ili-factors acting on 

H. Every factor M e is endowed with its unique tracial state. Recall the following 

properties: 

(1) Every finite von Neumann algebra with trace can be embedded in a trace preserving 
way into a IIi factor - just take for instance a free product with a IR-factor ([32], 
|23l Theorem 4.4], [T^i. 

(2) For the same reason, a finite number of IR factors can be simultaneously embedded 
in a trace preserving way into a IR factor - just take their (tracial) free product. 

(3) Given two unital morphisms -> M 2 , there exists a IR-factor M 3 , namely (a 

IR-factor containing) the corresponding von Neumann HNN extension (see [141 §3]) 
and a unital embedding y: M 2 ^ M 3 such that x° x° '4’ differ by an inner 

automorphism and thus define the same element of KK{Mi,M^). 

Definition 1.4. For A and B separable C^-algebras the diagram 3 M 1 — > KK{A, B0 

M) with values groups has a well defined limit that we take as a definition of: 

KK^(A,B):= lim KK(A,B0M). (1.1) 

(H) 

Construction 1.5. To define this limit it is convenient to build a direct system: 

• for every M from iFii^(H) define the group KK (A,B)\M] to be the quotient of 
KK{A,B 0 M) with respect to the subgroup of all elements z e KK{A,B 0 M) 
which become zero under some unital embedding (p : M ^ N. It is a well defined 
equivalence relation by the property (3) above. 

• Every unital embedding tp: Mi ^ M 2 of IR-factors induces a group homomorphism 

KI£_(A, B)[Mi] — KI£_{A, B)[M 2 ] sending the equivalence class of an element 
[x] e KK{A,B 0 Ml) to the equivalence class of e KK{A,B 0 M 2 ). This map 
is well defined by property (2) and does not depend on p by property (3). 

We define a relation of partial pre-order in .Tiq(i4) saying that Mi < M 2 if there is a tracial 
embedding Mi ^ M 2 . The partially pre-ordered set (.Tiq(M),<) is directed - by property 
(1) and the map M KK_{A,B)\^M) is a direct system. It follows immediately that the 
unique limit L oi M ^ KK jA.BMMA is a limit for the diagram M ns- KK{A, B 0 M). 

Remarks 1.6. 

(1) When A and B are in the bootstrap class, then KK{A,B 0 M) does not depend on 
the IR-factor M and is isomorphic to BoTa{K{A),K{B) (gM). In other words, for 
any IR-factor M the map KK{A,B 0 M) —^ KK^{A,B) is an isomorphism. 

(2) If A and B are not in the bootstrap category, then there is no best choice for M. 
Indeed, the hyperfinite IR-factor is of course the smallest element of (.Fiq(^I), <). 
By [22], there is no biggest element in iFii.^^(H), and therefore there is no natural way 
to choose M and define KK^{A,B) = KK{A, B 0 M). 

Note also that if M is a big IR-factor acting on a non separable Hilbert space, 
then for every separable C^-algebra A, and x e KK{A, B 0 M), there exists (by [291 
Remark 3.2]) a separable subalgebra Ni a B 0 M and xi e KK{A, Ni) whose image 
is X. We may then construct separable subalgebras Bi c B and Z2i c M and hence a 
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(weakly) separable Ili-subfactor Mi c M such that Ni c Bi® Di c Bi ®Mi c B®M. 
Let then xi denote the image of xi e KK^{A,B). If N 2 ,X 2 is another such choice, we 
may find a separable ^ B®M where x\ and X 2 coincide and therefore a separable 
subfactor M 3 c M such that N^, c 5 0 M 3 . It follows that aii = X 2 - We thus obtain a 
natural morphism KK{A, B 0 M) ->■ KK^{A, B). 

(3) If we wish to avoid the use of non separable algebras and the method of [29] to treat 
the corresponding iLiL-products, we may also replace this category of Ili-factors 
by the category of separable C’^-algebras with tracial states, the morphisms in this 
category being the trace preserving *-homomorphisms. Define then KK^(A,B) as 
the limit of KK(A,B0D) when D runs over all tracial separable C*-algebras (acting 
on a given Hilbert space). We may form an inductive system KK (A,B)\D, r1 as 
the quotient of KK{A,B 0 D) by the subgroup of x such that there exists a C*- 
algebra Di with a tracial state ti a trace preserving morphism j : D Di such that 
j*{x) = 0. 

It follows from [29| that the two definitions coincide. 

(4) The method used to show the existence of the limit in construction II.5I can be sum¬ 
marized as follows: assume C is a (small) category and J- ■ C —^ Grp is a functor 
such that the following properties are satisfied: 

• for every A,B € Obc there exists some C e Obc and arrows A —C and B —^ C. 

• For every couple of arrows f,g '■ A —s- B there exists some C e Obc and an 
arrow h : B — C with !F{h o f) = !F{h o g). 

Then we have shown that there is a natural transformation g ■ T —^ ^ such that ^ 
is a directed system and T has a unique limit which is the unique limit of 

1.4. Traces and iLiL-theory with real coefficients. A trace on a C’^-algebra D can be 
thought of as a generalized morphism to an abstract Ifi-factor. It therefore gives rise to a 
natural element of KK^(D,C). 

Definition 1.7. If D is a separable unital C^-algebra and r is a trace on D, then there is 
a Ill-factor M and a hnitely generated projective module E on M with a trace preserving 
morphism fr-D^ (with von Neumann dimension dimM{E) = t(1)); in this way, we 

dehne an element [r] e KK'^(D,C); using the morphism f^:D^ we also obtain for 

every pair (A,B) of C^-algebras a morphism 

: KK{A,B ® D) ^ KKk{A,B). 

In particular, we have [r] = ^ KK^{D,C). 

1.5. The Kasparov product. Let A,B,D be C^-algebras. 

If X e KK^{A,D) and y e KK^(D,B), there exist Ili-factors M and N such that x is 
the image of xq e KK{A, D 0 M) and y is the image of yo ^ KK{D, B 0 N). We then may 
form the KiL-product and obtain an element xq 2/0 ^ KK(A, B ® M ® N). We may then 
map the minimal tensor product M®N into the corresponding von Neumann tensor product 
and pass to the limit KK'^{A,B). We obtain an element x 2 / ^ KK'^{A,B) which only 
depends on x and y and not on (M, xq) and {N^yo). 

This Kasparov product immediately extends to a product 

• KK^{Ai^Bi 0 D) X KK^(D 0 ^ 2 ,^ 2 ) ^ KK^(Ai 0 A2,Bi 0 B 2 ) 

which has all the usual properties of the Kasparov product (bilinearity, functoriality, asso¬ 
ciativity...). 
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Remark 1.8. Let r be a trace on D] by naturality of the Kasparov product, the map : 
KK{A,B ® D) —^ KK^(A,B) is given by the product with [r] e KK^(D,C). 

Remark 1.9. For every Ili-factor M, the group KK{C,M) is canonically isomorphic with 
M. It follows that the ring KK-^{C,C) is naturally isomorphic with M. We deduce that 
KK]^(A,B) is naturally a real vector space - and that the KKR-product is M-bilinear. If r 
is a trace on a C^-algebra D and s e M+, then [sr] = s[r] e KK^{D,C). 

1.6. KK-theory with R/Z coefficients. For every Ili-factor M denote by • C ^ M 
the unital inclusion. For the R/Z-coefficients we can similarly dehne: 

Definition 1.10. Let A,B be C^-algebras we put: 

KK,^^/z{A,B):= hm KK,^i{A, B ® C,^). (1.2) 

(H) 

As above, this is a limit along the partially ordered directed set (.Fii^(LI),<). 

The mapping cone exact sequence gives rise to a six term Bockstein change of coefficients 
exact sequence 

... KK{A,B) - KK^{A,B) KK^/^{A,B) ... 

Remark 1.11. Let A^B be C^-algebras and M be a Ili-factor. Denote hy ■ B B ® M 
the map x ^ x® 1 m- We have of course Qs = B ® Cij^ and = B ® Z{iM,iM)- 

Using the split exact sequence 

0 Z{i^,ifj) B ^0, 

we find KK{A,B ® Z{iM,iM)) = KK(A,B) © KK{A,B ® Ci^). We thus get a morphism 
D : KK{A,B ® Z{iM,iM)) Composing with the connecting map d of 

the Bockstein change of coefficients exact sequence we obtain a map d o iH - (po)* - (Pi)* ■ 
KK{A,B 0 Z{iM,iM)) ^ KK{A,B), where pi : B ® Z{iM,iM) = Z{ifj,if^) B are the 
maps {bo,biJ) h. 

1.7. KK^ with coefficients. The above realizations of KK-g^ and KKgi-^ can be extended 
to the equivariant setting. 

Definition 1.12. Let F be a discrete group. We define KK^{A, B) and KK^i^{A, B) to be 
respectively the limit of KK^{A, B 0 M) and KK^{A, B 0 where M runs over the set 
of Ill-factors on the separable Hilbert space H - with trivial F action, im ■ C ^ M 
denotes the unital inclusion and its mapping cone. 

This is again a direct limit along the partially preorderd directed set 

Recall from |19j that Kasparov descent morphism is a natural morphism jp : KK^{A, B) 
KK{A x F,R x F). If A,B are F-algebras and M a IR-factor (with trivial action of F), 
composing the descent morphism together with the natural morphism (B ® M) xF (B x 
F) 0 M we obtain a morphism 

KK^{A,B®M)^ KK{A>oT,{B®M) x F) KK(A x F, (R x F) 0 M). 

This map passes to the inductive limit and defines a descent morphism with real coefficients 
j-r : KK^{A, B) KKg{A x F, R x F). 

In the same way, taking coefficients in mapping cone algebras of inclusions iM ■ C ^ M and 
then inductive limit over M e we obtain a descent morphism with R/Z coefficients 

Jr/z ■ ^ KKg/-^{A X F,R X F). 
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The Kasparov product 

: KK^{Ai,Bi®D) X ® ^ 2 ,- 82 ) ^ KK^{Ai® A2,Bi® B 2 ) 

is defined exactly as in Section [T3] with all the functorial properties with respect to algebras. 
Furthermore a morphism Fi r 2 induces an obvious morphism K{A, B) K{A, B). 
Also, the mapping cone exact sequence in equivariant ATAT-theory gives rise to a six term 
Bockstein change of coefficients exact sequence 

... - KK^{A,B) - KK^{A,B) - KK^/^{A,B) ... 

Remark 1.13. In this paper, we use the equivariant A'ATr- and ATATR/^-theory with respect 
to a discrete group F. Of course, the same constructions can be performed equivariantly 
with respect to a locally compact group or a Hopf algebra (c/. [5]) or a groupoid (c/. [20]!. 

1.8. Some remarks on F-algebras. Let F be a discrete group. We end these comments 
with some easy observations on F-algebras. 


Trivial action and equivariant Kasparov groups. 

Lemma 1.14. Let T be a discrete group, A a T-algebra and let B be a C*-algebra endowed 
with a the trivial action ofT. Then there is a canonical isomorphism KK^{A,B) = A'A'(Ax 
T,B). 

Proof. Note first that by [281 Lemma 1.11] one can take the action of A (resp. A x F) to be 
non-degenerate in the cycles defining KK^{A,B) (resp. KK{A » T;B)). With this in mind 
the rest of the proof is straightforward because F acts by unitary multipliers on A x F. □ 

Remark 1.15. Note that the identification in Lemma ll.l4l is the composition 

A'A'’"(A, B) KK{A x F, B 0 C*T) KK{A x F, B) 

where e : C^F ^ C is the trivial representation. 

The isomorphism KK^{A,B) KK{A x T,B) can be expressed as the composition of 
Kasparov’s descent morphism jr : KK^{A,B) ->■ KK{A x r,il x F) with the morphism 
B xT = B ®rnax C*T B associated with the trivial representation. 

Inner action and equivariant Morita equivalence. 

Lemma 1.16. Let T be a discrete group, A a C*-algebra and g ^ Ug a morphism of T to 
the group of unitary multipliers of A. Let (5 be the corresponding inner action of T on A 
(f3{a) = UgOUg). The T-algebras A endowed with the trivial action and A endowed with the 
action a are Morita equivalent in an equivariant way. 

Proof. We denote by Ai and Ag the algebra A when endowed with the trivial action and 
the action (3, respectively. Let E be the Hilbert Ai-module A endowed with the action of 
F given by g.x = UgX. As Ug{xy) = j 3 g{x)ugy, the action of A by left multiplication on E is 
equivariant: it follows that A is a F-equivariant Morita equivalence between A^ and Ai. □ 
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1.9. Kasparov’s descent and coproducts. Let d. be a L-algebra. Denote by 6^ : ^LxL —>• 
(d. X r) ® the coaction map. Recall that 5^{aug) = aug g) for a e d. c d. x L and 
g where Ug denotes both the element of C*T and of (the multiplier algebra of) ^ x F 
corresponding to g. 

Remark 1.17. Let i? be a C^-algebra endowed with a trivial F-action. Through the iden¬ 
tification KK^{A,B) = KK{A x F,R), Kasparov’s descent morphism is given by x 

®max lc*r) • KK{A X F,R) ^ KK{A X F,i3 X F) = KK{A x F, B ®max C F). 
Here, we denoted by :HxF^(HxF) ®rnax C*T the morphism dehned by the same 
formula as 6^. 

2. K-THEORETICALLY “free and proper” ALGEBRAS AND p CLASS 

2.1. KK-theory elements with real coefficients associated with a trace on C^F. 

As explained in lemma [1.141 for every F-algebra A and every C^-algebra B, we may identify 
KK{Axr, B) with KK^{A, B) where B is endowed with the trivial action of B. Replacing 
in this formula B hy B ® M where M is a IR-factor and taking the inductive limit, we 
find for a F-algebra A and a C^-algebra B endowed with a trivial F action an identification 
KK^{A, B) = KK^{A x F,i?) - and in the same way, KK^j^^A, B) = KK^i^{A x F,R). 

A trace r on C’^'F gives rise to an element [r] e KKs.{C*T, C) (Definition [T21) and therefore 
an element [r]^ e ArArg(C,C). 

2.2. K-theoretically “free and proper” algebras. We now consider a class of F-algebras 
on the iF-theory of which “the trace acts as the unit element”. Those are the K-theoretically 
“free and proper” algebras: 

Definition 2.1. Let F be a discrete group. Denote by tr its group tracial state. We say 
that A satisfies property (KFP) if 1^ ® [tr]'" is equal to the unit element l]^^ of the ring 
KK^{A,A). 

We will see in the following section important examples of algebras satisfying this property. 
In particular, we will see that free and proper algebras satisfy this condition (Theorem (STO]). 
Note however that, if F has a 7 element in the sense of |191 ED], AT-theoretically proper 
algebras should be those for which 7 = 1 . It is not at all clear to us whether condition (KFP) 
implies 7 = 1 . 

On the other hand, it is worth noting that property (KFP) implies a kind of freeness 
condition: property (KFP) cannot hold for the algebra C whenever the group F has torsion. 
Indeed, let £ : C’^F C be the trivial representation. The algebra C has property (KFP) if 
and only if the classes [tr] and [e] in iFiF^(C,C) = KK]^{C*T,C) coincide. Assume that 

5 e F has finite order m 7 1. Then the element p = l/m(I + 7 h -1- 7”*“^) e CF is a projection 

with [p] ® [tr] = tr{p) = 1 /m and \p\ ® [e] = ^{p) = 1- 

Assume A satisfies property (KFP). This means that there is a IR-factor N with a mor¬ 
phism A : C^F —^ N such that trv o A = tr (where trv is the normalized trace of N) and 
such that the {A, A ® A^)-bimodule A® N where A acts on the left by a i-s- a g) I endowed 
with the action g g ® i^{g) and g g ®1 define the same element in KK^{A, A ® N). 

Let us make a few comments on this definition: 

Properties 2.2. (1) If A satisfies property (KFP) and B is any F-algebra, then A® B 

satisfies property (KFP). 

Indeed, if I^ g [tr]^ = r, then g g [tr]^ = (I^ g [tr]^) g 
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(2) Let A,B be F-algebras. If A is iLiL'"-subequivalent to B and B satisfies property 
(KFP)then so does A. 

The assumption means that there exist x e K(A, B) and y e KK^{B, A) satisfying 
X iSiB y = 1 ^ 4 - Note that y 0c [tr]'" = [tr]'" 0c y = (1^ ® 0 ^ y. If B satisfies 

property (KFP), then y 0 c[tr]^ is the image in KK^{B, A) of y, whence 1^0 [tr]'" = 
X 0 B (y 0 c [tr]’") = 

Remark 2.3. Let t,t' be tracial states on C^F. Let [r]'" and [r']^ denote their classes 
in iLiL^(C,C). Their Kasparov product [r]^ 0 [r']^ is then the class of the trace t.t' = 
(t 0 t') o 5. Note that T.T'{g) = T(y)r'(y) for any group element y e F, and in particular 
r.tr = tr. If A satisfies property (KFP), then 1^ 0 [r]'" = 1 I 4 R for any tracial state r. 

Remark 2.4. If A satisfies property (KFP), then the morphism yr : yl x F A x^edF is KKr 
invertible. 

Indeed, given a von Neumann algebra N and a morphism A : C*T — N such that tr^oA = tr 
(where tr^r is the normalized trace of N), the morphism A : C*T N factors through 

therefore defines a morphism 5^ : A T —>■ vl x F 0 N. We obviously have 
['^A ] = Jr(lA ® [tr]’") and (yr)»[5f ] = jr,red{'^A ® 

We will use the quite obvious following lemma: 

Lemma 2.5. Let a ■ T ^ Un be a unitary representation. The group F acts on C{Un) by 
left translation via a. Let u ■ Un ^ Tf„(C) be the identity of Un seen as an element of 
C{Un) ® Mn{C). For y e F, we denote by Xg e C{Un) ^ F the corresponding element. For 

g eV we have {Xg 0 ag)u = u{Xg 0 I) in [c{Lfn) x F^ 0 Mn{C). 

Proof. Note that, for / e C{Un) and x € Un we have {XgfXg^){x) = f{ag^x). Write u = 
ffo-j ® bj where aj e C{Un) and bj e Mn{C). By dehnition of u, we have Y.j aj{x)bj = x for 
all X e Un. 

We have {{Xg 0 I)tt(A“^ 0 l))(x) = Y,j aj{a~^x)bj = a~^x, and the result follows. □ 

2.3. Gluing Kasparov bimodules. To construct , we glue two Kasparov bimodules on 
a mapping cylinder in such a way that they form a Kasparov bimodule on a double cylinder. 
We discuss here this general construction. 

Let A,Bq,B be F-algebras and j : Bq B an equivariant morphism. Denote by Zj = 
{{b,f) e Bq X B[0,1]; /(O) = j{b)} the mapping cylinder of j and Zjj = {{bo,bi,f) e 
Bqx Bqx B[0, 1]; /(O) = j{bo), /(I) = j{bi)} its mapping double cylinder. Let otq : Zj Bq 
and evi : Zj B be the maps evQ : {b, f) ^b and evi : ( 6 , /) i->- /(I). 

We have a split exact sequence 0 ->■ Cj —»■ Zj^j Bq 0 where Cj = {{b,f) e Bq x 
B[0,1); /(O) = j{b)} is the mapping cone of j and evi{a,b, f) = b - the section ] : Bq ^ 
Zjj is given by ]{b) = {b,b,f) where f{t) = j{b) for all t e [0,1]. We thus have a group 
homomorphism 0 : KK^{A,Zjj) KK^{A,Cj) which is a left inverse of the inclusion 
Cj Zjj and vanishes on the image of . 

We will identify the double cylinder Zjj with the algebra Zj = {{x,y) e Zj x Zj; evi(x) = 
evi(y)} through the isomorphism <I> : Zjj Zj given by: <h(a, 6, /) = {{a,g),{b,h)) with 
ait) = /(^/2), h{t) = /(I - t/2) (for t € [0,1]). 

Given a Hilbert Zj-module E, the Hilbert Ho-module E 0^0 Bq and the Hilbert-H-module 
E 0evi B are quotients of E. We denote by evQ : E ^ E 0^0 Bq and evi : E ^ E 0evi B the 
quotient maps. 
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Proposition 2.6. Let {E, F),{E', F') be T-equivariant Kasparov {A, Zj)-bimodules. 

(1) Let w e C{E' ®evi B,E ®evi B) be a unitary equivalence between the T-equivariant 
Kaparov {A, B)-bimodules {evi)^{E', F') and {evi)^(E, F). Define 

Eo^E' = {(C,C) ^ExE'; evi(0 = wevi(C)}. 

It is naturally an equivariant Hilbert-{A,Zj)-bimodule. The map {F o F') : (.^,C) 
{F^,F'() is an (odd) element in C{E E'). The pair (E E',F o F') is an 
equivariant Kasparov {A, Zj)-bimodule 

(2) If v,w e C{E' (gevi B,E 0evi B) are two unitary equivalences, homotopic among 
unitary equivalences, then the classes of {E Oy E',F o F') and (E Oy, E',F o F') in 
KK^{A,Zj) coincide. 

(3) The class Q[{E E,F o F)] in KK^{A,Cj) isO. 

(4) Let{E",F") be another T-equivariant Kasparov {A, Zj)-bimodule. Let w ^ C{E'®evi 
B,E<Sievi B) and w' e £(-E"0evi B,E' <Sievi B) be unitary equivalences between the F- 
equivariant Kaparov {A, B)-bimodules {evi),t{E', F') and {evi)^{E, F) and between 
{evi),t{E", F') and (evi)»(£^', F) respectively. Then 

Q[{E w E", F o F")] = Q[{E Oy, E', F o F')] + 0[(F' E", F o F")]. 

Proof. (1) comes from the fact that w is supposed to commute with A,r and wF' = Fw. 
Also, it is easily seen that IC{E Oy, E') = {{T,T') e IC{E) x /C(F'); w{T' ®evi 1) = 
(r 0 evi 

(2) is immediate. 

(3) Let {Et,Ft)t^[o^i] be a homotopy joining oWo)>,{E, F) to (F,F): write {Ft, Ft) = 

{ht)„{E, F) where ht ■ Zj Zj is the map {b,f) {b, ft) where ft{s) = f{st). Then 

{Ft Old Et, Ft o Ft) is a homotopy joining (j o oto),,(F, F) to (FoidF,FoF). 

(4) The unitary equivalences T = ^ ®evi B,{E © 

E') 0evi B) are homotopic among unitary equivalences. By ([2]) the classes 

[((F © F') Oy {E' © E"), (F © F') o (F' © F"))] 

and 

[((F © F') Oy {E' © E"), (F © F') o (F' © F"))] 
in KK^{A,Zjj) coincide. But clearly 

[((F © E') Oy (F' © F"), (F © F') o (F' © F"))] = [(F F', F o F')] + [(F' F", F o F")] 

and 


[((F©F')o,(F'®F"),(F©F')o(F'©F"))] = [(F w 


E'',FoF'')] + [iE'otaE',F'oF')]. 


The result follows from ([3]). 


□ 


2.4. Construction of Let A be a T-algebra satisfying property (KFP), and a a finite 
dimensional unitary representation of T. Denote by [a]^ e KK^{C,C) its FF^-class. 

By Remark 12.31 ® [a] = where I^r denotes the unit element of the ring 

KK^{A,A). Using the Bockstein change of coefficients exact sequence, it follows that there 
exists z e KK^J'^{A, A) whose image in KK^{A, A) is [a] - nl\. 

We now construct a class e KK^.^{A,A) whose image in KK^.^{A,A) is I^r® [«]'"- 
rj W 
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The important fact in our construction is that the element is independent of all choices. 

The assumption (KFP) says that there exists a Ili-factor N (with trivial action of T), 
with a tracial morphism A = Aat : C*T — N, i.e. a morphism such that tr^v o A = tr (where 
tr^v is the normalized trace of A^) satisfying 

1a ® [*] = 1a ® [Px] 

where i = i^ '■ C ^ N is the unital morphism and P\ is the T-equivariant Hilbert C,N- 
bimodule N with the natural Hilbert Ai-module structure, and where 5 e T acts by left 
multiplication by X{g). Under the isomorphism KK^{C,N) = KK{C*T,N) the class [Pa] 
corresponds to the class of the morphism A. 

There exists a Hi-factor M containing N with a morphism C{Un)'>^^ M extending the 
morphism A : C*T ->■ N (z M. Indeed we can take as M (a Hi-factor containing) the free 
product of N with L°°(Un) x F with amalgamation over the group von Neumann algebra of 
F. 

Up to replacing N by M, it follows, thanks to Lemma [2.51 that we may assume that there 
exists a unitary u € N ^ M„(C) satisfying (Ag 0 ag)u = u{Xg 0 1) e N" 0 Mn{C) for all 5 g F. 

Denote by Va the equivariant (C,C) bimodule C"" where F acts through the action a. 
Denote also by Vn the equivariant (C,C) bimodule C” where F acts trivially. We have a 
unitary equivalence 1a®u€ C{A® Px 0 In, A® Px®Va) between the F-equivariant Kasparov 
{A, A 0 N) bimodules (H 0 Pa 0 Vn, 0) and {A® Px® Va,0). 

Let i: C iV be the unital inclusion. Denote hy po ■ A ® Zi ^ A and pi : A ® Zi ^ A ® N 
the maps id^ 0ovo and id^ 0 evi, where evo : Zj -> C is the map (a, f)>-^a and evi : Zi ^ N 
is the map (a,/) 1 -^ /(I)- 

As 1^0 [i] = 1)40 [Pa], there exists an equivariant Kasparov-bimodule {E,F) e E'"(A, A 0 
Zi) joining (A,0) and {A®Px,0). More precisely the equivariant Kasparov bimodule {E,F) 
is such that: 

• the induced equivariant bimodule E 0 ^^ A is the (A, A)-bimodule A (endowed with 
the natural F-action - and Pq = 0); 

• the induced equivariant bimodule E 0 ^^ (A 0 N) is the equivariant {A, A 0 N)- 
bimodule A® Px- 

We will say that a “proof of the property (KFP)” for A consists of N, A, (P, P) where: 

• Ai is a Ill-factor with normalized trace tr^v; 

• A : C*T —>■ N, is a morphism such that tr^v o A = tr; 

• {E,F) ^EF {A,A® Zi) is a Kasparov bimodule joining (A, 0) and (A0 Pa,O). 

Theorem 2.7. (1) Let {E,F) e E'"(A,A 0 Pi) be a Kasparov bimodule joining (A, 0) 

and (A0 Pa,O). The class in KK^(A, A ® Zi^i) of 

{E®Va,F®l)Oid^^u{E®Vn,F®l) 

does not depend on the unitary u € N ® M„(C) satisfying (Xg ® ag)u = u{Xg 0 1) for 
all 5 G F. 

1 r 

( 2 ) The image of this class in PPj^)g(A,A) through the composition 

d : KK^{A, A 0 Zi,i) KK^(A, A®Ci)^ 
does not depend: 

(a) on (P, P) e E'"(A, A 0 Zi) such that E ®A®Zi A = A and E ®A®Zi A = A 0 Px; 
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(b) on the lli-factor N containing a tracial morphism of Xjsr ■ C*T N and a 
unitary u ^ N <Si Mn{C) satisfying 

(i) 0 [i] = 1 ^ 0 [Xn] 

(ii) (Xg 0 ag)u = u{Xg 0 1 ) e 0 M„(C) for all 5 e F. 

Proof. (1) Choose a u e A'" 0 M„(C) such that {Xg 0 ag)u = u{Xg 01 ) e A'" 0 M„(C) for all 
(7 e r. Then an element v ^ N ® M„(C) satisfies the same property if and only if it is 
of the form uw where in is a unitary of the commutant of A(r)0l in A^ 0 M„(C). But 
the set of unitaries in the von Neumann algebra {N n X{G)') 0 M„(C) is connected. 
(2) (a) Let {E',F') e 0 Zi) be another Kasparov bimodule joining (^,0) and 

{A®Px, 0). Choose a n e N' 0 M„(C) such that {Xg®ag)u = n(Ag 0 l) e N®Mn{C) 
for all 5 e r and put ii = id^i 0 tt. 

By Proposition I2.6lpl) and I2.6I|H) . the image by 0 of (E 0 Va,F 0 1) Ou {E 0 
Vn, F 0 1) is opposite to the one of {F 014 ,, F 0 1) Ou* (F 0 Va,F ® 1); moreover, 
by Proposition I2.6I|^ . the image by 0 of 

[(F' 0 14 , F' 0 1) Ou (F' 0 14 , F' 0 1)] + [(F ®Vn,F® 1) (F 0 Va,F 0 1)] 

coincides with that of 


[(F' 0l4,F' 0 1) Oid (F 0 14,F 0 1)] + [(F 0 Ki,,F 0 1) Oid (F' 0 14, F' 0 1)]. 

Using again l2.6l|3|) and l2. 61)1)1 . we mav replace [(F0l4,F0l)oid(F'0l4,F'0l)] 
by -[(F' 0 14, F' 0 1) Ojd (F 0 14, F 0 1)]. We end up with 

0([(F,F) Oid (F',F')] ®c ([K] - [K])). 

Now, since (po)*[(F,F) o^d (F',F')] = (po).[(F,F)] = U = (po).[(F',F')] = 
(pi)»[(F, F) Ojd (F', F')], it follows that 0([(F, F) Ojd (F', F')]) is in the image 
of an element x e KK^{A,A 0 SN) via the inclusion h : SN Ci. As ([14] - 
[ 14 ])) is the 0 element in KK^{A,A) it follows that the image of x 0c ([14] - 
[ 14 ])) in ATFg (A, A) is the zero element. 

(b) Let iM,N ■ N ^ M he a morphism of Ili-factors. Denote by iM,N ■ ^ 

and iM,N ■ the corresponding morphism, v = (zM,Af®id)(tt). Let 

(F, F) e E’"( A, A 0 ) such that F A = A and F A = A 0 Faj^ . 

Put {Fm,Fm) = {E,F) Eij^. One checks immediately that the image by 

iM,N '■ Zi^^ij^ of [(F <SiVa,F<Si 1) Pfi (F ®Vn,F ® 1)] is 

[{Em ® Va,EM ® 1) Ov {Em <H) Vu^Em ® !)]• 


□ 


Definition 2.8. Let A a P-algebra satisfying property (KFP). We denote by e FFj^’^^(A, A) 
the image by the map d : FF^(A, A 0 Z^i) —>■ KK^.^{A,A) of an element [(F 0 14, F 0 
1) Ou (F 0 Vn,E 0 1)] e KK^{A,A 0 Z^i) as in Theorem 12.71 

Proposition 2.9. The image of under the connecting map of the Bockstein change of 
coefficients exact sequence KK^j^{A, A) K{A, A) is [a]^ - nl]^. 

Proof. Let N,u and (F, F) be a “proof of property (KFP) for A”, as in Theorem l2.7l Then, 
by Pemark ri.lll the image of p^ = '!9([(F 0 14, F 0 1) (F 0 14, F 0 1)]) by this connecting 

map is 

{po)*[{E ®Va,F® 1) (F 0 K,F 0 1)]) - (pi)4(F ®Va,F® 1) (F ®Vn,P® 1)]). 
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But {po)^[{E ®Va,F ® 1) {E ^Vn,F ^ 1)]) = {po)*[{E <^Va,F ^ 1)] = ® [a]’" and 
{pi)^[{E ®Va-,F ® 1) Ou {E ®Vn,F ®1)]) = {po)>^[{E ^Vn,F ®1)] = n.l^. □ 

2.5. Properties of the construction p‘^. 

2.5.1. Dependence on a. 


Proposition 2.10. Let A be a T-algebra satisfying property (KFP). Let 01,02 be finite 
dimensional unitary representations ofT. We have 
(1) 


PoLi®(y.2 
(2) = dim 01 


+ P'^ 
rcx.\ rOLi 

A A 

Pa2 + Pm 


0c [ 02 ] = dim 02 • Pa. + [ai] Pa. 


Proof. The first statement is obvious. 

For the second one, put n* = dimoj. Let {E,F) be as in Theorem 12.71 Thanks to 
Proposition I2.6IH1) , we may write 

{E®Va,^a2,F®l)o{E®Vn,n2,F®l) = (^{E ® Va„ F ® 1) O {E ® Vn„ F ® 1)) ^ Va^ 

+ (^{E^Va2,F®l)o{E®Vn2,F®l))®Vn, 
and the result follows. □ 


2.5.2. Change of algebra. Kasparov product. 


Proposition 2.11. Let A,B be T-algebras satisfying property (KFP). Let f ■ A ^ B he an 
equivariant homomorphism. For every finite dimensional unitary representation a of T, we 


have fApt) = f*{pa) e KK]:^ {A,B). 


This is a particular case of the following more general result. 

Proposition 2.12. Let A,B be T-algebras satisfying property (KFP) and x e KK^{A,B). 
For every finite dimensional unitary representation a of T, we have Pa <8>a x - x ®b Pa ^ 

kKIu,b). 


Proof. Let {E,F) e E^(A, B) representing x. 

Let N,X, (Fa, Fa) be a “proof of the property (KFP) for As {Ea,Fa) e 'EF{A,A®Zi) 
is a Kasparov bimodule joining A to A®P\, the Kasparov product (Ea, Fa)®a(E, F) can be 
represented by a Kasparov bimodule {E,F) eE^(A,B0Zj) such that po(-S'i-^) = {E,F) and 
pi{E,F) = {E®Px,F ®1). It is then immediately checked (using for instance the connexion 
and positivity approach of M) that 

[{E ®Va,F® 1) (E ®Vn,F® 1)] 


is a Kasparov product 

[{Ea ® Va,FA 0 1) oie0u {E ®Vn,E ® 1)] 0yi [(E, F)] e E^(A, A 0 Zi^i). 


Therefore 0^4 x is the image of the class of 


[{E®Va,F® 1) {E ®Vn,E® 1)] 


in KRiUA,B). 


In the same way, let M,Xm,{Eb,Eb) be a “proof of the property (KFP) for E”. We may 
of course assume (replacing M and N if necessary by a factor containing the free product 
amalgamated over the group von Neumann algebra of F) that M = N and Xm = X. 
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In the same way as above, the Kasparov product {E,F) <S>b {Ea,Fa) can be represented 
by a Kasparov bimodule {E,F) e FF{A, B <Si Zi) such that po{E,F) = {E,F) andpi(K,F) = 
{E ® P\,F ®1). It follows that x ®b Pb image of the class 

[{E®Va,F® 1) Oi^^u {E ®Vn,F® 1)] 

To conclude, note that it follows from the proof of Theorem 12.71 (|2al) that the image of 

[{E®V^,F® 1) {E ®Vn,F® 1)] 

in KK^j'„{A, B) does not depend on (K, F) e E^(j4, B®Zi) joining (K, F) to (K, F)®Px. □ 


3. Examples 

3.1. The Mishchenko bundle. As explained in the introduction, our starting example 
comes from the Mishchenko bundle associated with a Galois cover of a compact manifold. 

Proposition 3.1. Assume that the group T acts freely, properly and cocompactly on a smooth 
manifold V. Then Cq{V) satisfies property (KFP). 

Proof. In [U Proposition 5.1], we noted that there is a Ili-factor N with a morphism A : T ^ 
N such that tr^ o A = tr together with a continuous map from V to the unitary group 
U{N) of N such that ^’{gx) - X{g)'if{x) for all 5 e G and x e K. It gives rise to a unitary 
w e C{Co{V) ® N) intertwining the T-actions /3®idAr and /3(8)A on Co{V)®N where f5 is the 
action of T on Cq{V) by translation. Now the Hilbert module Cq{V) ® N endowed with the 
left action of C'o(K) equal to the right one and the T-action fd ® idw (and (3 ® X) represent 
respectively the images 1^ and i8)tr in KK^{Cq{V),Cq{V)). 

These equivariant bimodules being unitarily equivalent they represent the same class in 

KKl{C^{V),C^{V)). □ 

Thus, for every finite dimensional unitary representation a : T -»■ I/^, we get an element 

We now explain the relation of this element with the element [oJaps ^ -^ir/z(^(^)) 
constructed by Atiyah Patodi and Singer [am. 

Let K be a locally compact space on which P acts and A and B be Co{Y) - P-algebras. 
Denote by TZKK^{Y]A,B) the Kasparov equivariant KK-theory group defined in [191 
§2]. In the language of KK-theory equivariant by groupoids introduced by Le Gall ([20]), 
nKK^{Y;A,B) ^ KK^^^{A,B). 

If T acts freely and properly on Y there is a descent isomorphism (see IISI) 

A^ : 7^KK^(y; A, B) 7^(y/^; A^,B^) 

where A^ and B^ are the algebras of invariant elements. In the language of [201, this is the 
isomorphism corresponding to the Morita equivalent groupoids K P and Y /T. 

Let A be a compact space, A a C’^-algebra and H be a G(A)-algebra. Then we have a 
canonical isomorphism 77iLiL(A; A 0 C'(A), H) = KK{A,B). 

Let y be a free and proper and cocompact P-space. Put X = Y /T. Let A be a C^-algebra 
and let H be a Cq{Y) - T-algebra. We have a sequence of isomorphisms 

KK{A, B^) ^ nKK{X-, A ® C(X),B^) 7ZKK^(Y-, A ® Co(Y),B). 


BIVARIANT A-THEORY WITH R/Z-COEFFICIENTS AND RHO CLASSES 


17 


Using the forgetful map TZKK^{Y;A®Co{Y),B) KK^{A^Co{Y),B) we obtain a mor¬ 
phism KK{A,B^) ^ KK^{A®Co{Y),B). 

Using the Morita equivalence of Cq{Y) x F with C{X) and of -B x F with B^ we also have 
a sequence of maps 

KK^{A 0 Co{Y),B) ^ KK{A 0 Co{Y) x F, B x F) KK{A 0 C{X),B^) ^ KK{A, B^) 
where ijv • C C{X) is the unital inclusion. We thus obtain a morphism: 

: KK^{A 0 Co{Y),B) ^ KK{A, B^). 

ypyp /,ir\ 

Lemma 3.2. The composition o is the identity of KK{A,B ). 

Proof. Since X = U/F is compact, B^ is the set of multipliers 6 of B which are F-invariant 
and satisfy fb € B for all / e Cq{Y). If B is a F-equivariant Hilbert B module, we may in 
the same way define the Hilbert B^ module B'", for instance by considering B as a subspace 
of the F-Co(U)-algebra /C(B © B) and then B^ c /C(B © B)^. 

We start with a pair (B,B) representing an element in TZKK^{Y]A®Cq{Y),B)] by 
properness of the action (or, equivalently using the isomorphism TZKK{X;A®C{X),B^) ^ 
TZKK^{Y;A ® Cq{Y),B)), we may assume B is F-invariant. It then defines an element 
Bq e The elements (B'", Bq) and (B, B) correspond to each other via the isomorphism 

TZKK{X- A 0 C(X),B^) ^ TZKK^(Y- A 0 Cq{Y),B). 

The element corresponding to (B'",Bo) via the isomorphism TZKK{X]A 0 C{X),B^) ^ 
KK{A,B^) is of course (B'",Bo) where we just do not consider the left C{X) action ! 

The element corresponding to (B, B) under the forgetful morphism TZKK^{Y ; H0C'o(T), B) 
KK^{A 0 Co(Y),B) is of course (B,B); its image by jr is (B x F,B 0 1) where B x F = 

B (B X F). The Hilbert {C{X) 0 A,B^) bimodule corresponding to it under the Morita 
equivalences, is then seen to be B^ - and the Lemma follows. □ 

According to Remark 11.131 we define 'RKK^{V]A,B) and TZK; A, B) using in¬ 
ductive limits over Hi-factors. 

The APS element in was described in [T] as an element [oJaps ^ 

Proposition 3.3. The element is the image of [oJaps under the composition of the 

isomorphisms 

with the forgetful map 

nKK^^j^{V;Co{V),Co{V)) ^ KK^^j^{Co{V),Co{V)). 

Proof. In [U Prop. 5.1 and Prop. 5.2], we represented the class [oJaps as the image under the 
morphism Bo(C(U)0Zj^j) r/ 2 (C(U)) of the C{V)®Zi^i module £ = {f € C([0,1], B'*' 0 
N); f(0) 6 B’*' 01 , Wyf{l) e E~ 01} where X is a Hi-factor with tracial inclusion A : F X, 

7 : C X is the unital inclusion, B'*' is the flat vector bundle associated with a and E~ is 
the trivial vector bundle with rank equal to the dimension of a. The unitary is given 
by Wv '■= (y? ® 1e-)~^ o v~^ o ((^ 0 1e+) where y? : C{V) 0 X F is an isomorphism, i.e. a 
trivialization of the flat bundle £ associated with A and v is an isomorphism of flat bundles 
£ 0 E~ -^ £ ® E^. 
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At the level of V, the trivialization cp corresponds to a F-equivariant isomorphism (p : 
V <E> N V <S> Px and v to an unitary u € N ^ M„(C) intertwining A ® 1 and A ® a {P\ is as 
in section [23]) . 

Let then £ denote the Cq{V) ® Zi module {/ e Cq{V x [0,1]) ® P\f{0) g (p{Co{V) ® 1)}. 
The pair (£^,0) defines a Kasparov bimodule in E'"(C'o(K), C'o(K) ® Zi) joining (C'o(K),0) 
and {Co{V) ® Px,0). 

We may then perform the “o” construction as in Theorem 12.71 using the isomorphism u to 
obtain an element in z e KK^{Co{V),Co{V) ® Zi^i) whose image in KK^^{Co{V)^Cq{V)) 

is The element z is of course given by the Hilbert C'o(K) 0 Zj^j-module 

£!:={/: [0,1] X K -5- C” 0 A": /(O, x) e C"' x wl{x)f{l, x) e C"' x 1^, for every x e K, 

where = {(p ® 1)“^ o o ((^ ® 1). As the left and right C'o(K) actions on £ coincide, 
the element z is in the image of the forgetful map, TZKK^{V-,Co{V),Co{V) 0 Zi^i) 
KK^(C(){V),Co{V) 0 Zi^i). Now ^ = £, and the result follows. □ 

It follows then from Proposition 13.31 and Lemma [3j2] that we may deduce the class \^a\APS 
from our class ■ 

3.2. If A is proper and free. Out of the example of the Mishchenko bundle of a compact 
manifold, we then obtain the following statements. Let Z be a locally finite CW complex 
realization for the classifying space BT and q : Z ^ Z the corresponding covering with group 
T. Write Z = \JZn, where Zn is an increasing sequence of finite subcomplexes. Denote by 
N a Ill-factor containig T in a trace preserving way, and E]\f = Z N the corresponding 
bundle over Z with fiber N. 

Lemma 3.4. (I) The restriction to Zn of the bundle is equal in to the unit 

element (corresponding to the trivial bundle). 

(2) If X is a free, proper and cocompact T-space, then there is a lli-factor N with an 
embedding A : C*T —> N such that tr^r o A = tr and a unitary w e C{Co{X) 0 N) 
intertwining the F-actions /3®idN and fi®\ on Co{X) ®N where /3 is the action of 
r on Cq{X) by translation. 

Proof. (I) Since Zn is a finite CW-complex, its AT-theory is a finitely generated group. 
Therefore, using the Rosenberg-Schochet universal coefficient formula f |27l 126] 1. we 
find KK^(Co{Zn),C) = Hom(ArAr(C,C'o(.^n));I^)- Using the Baum-Douglas theory 
(c/. [6]), we know that the iF-homology of Zn is generated by cycles given by elements 
gr»(x) where <7 is a continuous map g ’. V ^ Zn, V is a compact manifold and x e 
K^{V) is an element in the AT-homology of V. But by Atiyah’s theorem for covering 
spaces m), the pairing of Eat with such a AT-homology element coincides with the 
index. It follows that the class of Eat is 1. 

(2) We have a continuous classifying map f : X ->■ BT where X = X. Since X is compact 
its image sits in some Zn and it follows that the bundle f*{Ei,f) defines the trivial 
element in K^{X). Up to replacing N by Mk{N), we may then assume that the 
bundle f*EM is trivial (as explained in [U Prop. 5.1]). By definition of E^i, this 
means exactly that there exists a unitary w e C{Cq{X) 0 N) intertwining the P- 
actions (5 0 idj\f and /3 0 A on Co{X) ® N. □ 

We now recall the definition of free and proper T-algebras. Recall ([H]) that, if X is a 
locally compact space, a C'o(X) algebra is a C^-algebra A endowed with a morphism from 


BIVARIANT A-THEORY WITH R/Z-COEFFICIENTS AND RHO CLASSES 


19 


Co{X) into the center of the multiplier algebra of A and such that A = Co(X)A. If X 
is a r space, a Cq{X) - F-algebra A is an algebra endowed with compatible structures of 
C'o(X)-algebra and P-algebra {i.e. the morphism Cq{X) ZM(A) is equivariant). 

Let us recall facts about Co(X)-algebras (see [l9l[20]): 

Properties 3.5. (1) If ^ is a Co{X)-algehica, we may define for every open subset U c X 

the Co(17)-algebra Ajj = Cq{U)A. For every closed subset F c X, we put Ap = 
AjApc^ which is a Co{F) algebra. In particular, we have a fiber Ax for every point 
X € X. Moreover, there is a natural evaluation map a Ux from A to Ax and for 
ae A, we have ||o|| = sup{||aa;||, x e X}. 

(2) If ^ is a Co(X)-algebra and f ■■ Y ^ X is a continuous map, we define a pull back 
f*{A) which is a C'o(y)-algebra. This pull back satisfies f*{A)y = A^^y-^ for all y ^Y. 
We will use the following facts: 

(a) If T is a locally compact space and p : X x T ^ X is the projection then 
p*{A) = A0Co{T). 

(b) If /i : y ^ y is a homeomorphism such that f oh = f, there is an automorphism 

6^ : f*{A) ->■ f*{A) such that = b^y^ for every y e Y. Note that by 

property m this equality characterizes 9^{b). 

Definition 3.6. A T-algebra A is said to be free {resp. proper) if there exists a free (resp. 
proper) T-space X such that A is a Co{X) - T-algebra. 

Note that if A is free and proper, then there exist a free T-space Xi and a proper T-space 
X 2 such that A is a C'o(Ai)-T-algebra and a C'o(W 2 )'-T-algebra. Then A is a Co(Ai xX 2 )-T- 
algebra, and Xi x X 2 is free and proper. 

We will next prove that every free and proper T-algebra is iT-theoretically free and proper 
(Theorem 13.101) . 

Let us start with the cocompact case: 

Proposition 3.7. If X is a free, proper and eoeompaetV-spaee, then every Co{X)-T-algebra 
satisfies property (KFP). 

Proof. Let A be a C'o(A) -T-algebra. Extending the action by left multiplication of C'o(A) ® 
N on A®N to the multiplier algebra, we find a unitary w e jC.(A®N) intertwining the actions 
/3 0 idAT and /3 0 A of T. It follows that A satisfies property (KFP). □ 

As above, let Z he a locally finite CW complex realization for the classifying space BT. 
Write Z = IJZn, where Zn is an increasing sequence of finite subcomplexes. Using local 
finiteness, we will also assume that Zn is contained in the interior of Zn+i- 

Let A be a a free and proper T-space and let A be a (separable) Co(A) - T-algebra. Put 
X - XjV and let g : A ^ A be the quotient. Let also f : X ^ Z he a classifying map. 

Define A„ = (/ o q)~^{Zn) <= A and D = UneN A„x]n, +oo[. 

Let A = C'o(D)(A 0 Co(K)) and A„ = C'o(A„)A. Let 21 denote the co-sum and 

j : 21 ^ 21 the shift (oq, ai, 02 ,...) 1 -^ (0, oq, oi, 02 ,...). 

Lemma 3.8. (1) The T-algebras A0Co(K) and A are homotopy equivalent. 

(2) The algebra A identifies with the torus algebra T(j,idsi) (see definition \ 1. S\) . 

Proof. (1) Of course A 0 C'o(K) and A 0 C'o(M*) are homotopy equivalent. Moreover let 
h : Z M+ be a (proper) map such that h{z) > n if z ^ Zn, and put h = hofoq: X 
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M*. The map {x,t) >->■ {x,t + h{x)) is a homeomorphism X x M ^ X x M. It induces 
an equivariant automorphism of A 0 Co(M) mapping A 0 (70(1^*) into A which is a 
homotopy inverse of the inclusion A-^ A® Co(K*). 

(2) An element in A 0 Co(M*) is a map ^ A. Such a ^ is in A. if and only if, for 

all n e V and t e]n,n + 1], we have ^{t) e A„ for n < f < n + 1. Associated to ^ is a 
map C • [0) 1] ^21 defined by C(^)n = + t) (e An). It is immediately seen that 

e T(j, ida) and that ^ ^ is an isomorphism. □ 

Lemma 3.9. (1) For every n, the algebra An satisfies property (KFP). 

(2) The algebra 21 satisfies property (KFP). 

(3) The algebra A satisfies property (KFP). 

(4) The algebra A satisfies property (KFP). 

Proof. (1) Through the equivariant map X„ ^ Zn, the algebra An is a Zn algebra. As 
Zn is a free proper and cocompact T-space, the algebra An satisfies property (KFP) 
by prop 13.71 

(2) For every F-algebra B the map KK^{%,B)Y{nKK^{An.,B) is an isomorphism - 
the inverse map associates to a sequence (En,Fn) of bimodules (with Fn bounded) 
defining elements in KK^{An,B) the class of (0K„,F) where F is defined by 
F{{xn)n) = {Fn{xn))n (for (xn) £ ©n ^n) (sce [MIEZ])- Now - [tr]’" acts trivially 
on each copy KK^{An,B), whence 1^ - [tr]^ acts as the 0 element in XXg(2t, 21). 

(3) Write A = T(j, id®) and let p : A ^ 21 and h : S2t ^ A be the associated map maps 

(p : (aj) ^ a and h : f (0,/)). We have p^fi^A ®C (1r - [tr]’")) (1 r " 

[tr]'")) = 0 since 21 satisfies property (KFP). 

By the torus exact sequence (prop. II.2p . there exists y e XXj^(2i, 521) such that 
1^ 0C (1 r - [tr]'") = h^y. As 21 satisfies property (KFP), we have y 0521 ®C (1r “ 
[tr]'")) = 0. As the Kasparov product over C is commutative, we find 

y ®S 2 i (1^ ®c (1 r - [tr]^)) = (1^ 0c (1 r - [tr]^)) 0^ y 
whence (1^ 0c (1r - [tr]'")) 0^ h^y, which yields 

®C ((1r - [tr]^) 0c (1^ - [tr]^)) = (1^ 0c (1^ - [tr]^)) 0^ (1^ 0c (1^ - [tr]^)) = 0. 

But [tr]'" is idempotent in XXj^(C,C), thus (1^ - [tr]^)^ = (1^ - [tr]'"). 

(4) The F-algebra SA is homotopy equivalent to A. It follows that SA satisfies property 

(KFP); thus 1^^0c(lR-[tr]^) = 0. The Bott isomorphism x >->■ Sx from KK^{C,D) 
to KK^{SC, SD) maps 0c (1r - [tr]^) to 1^^ 0c (1r - [tr]'") = 0. It follows that 
A satisfies property (KFP). □ 

We have proved; 

Theorem 3.10. Every free and proper T-algebra satisfies property (KFP). □ 

As a corollary, every F-algebra which is XX-subequivalent to a proper and free algebra 
satisfies property (KFP). 

3.3. If F satisfies (the KK^- form of) the Baum-Connes conjecture. Let us say that 
F satisfies the XX^-form of the Baum-Connes conjecture if there is a proper F-algebra Q 
such that C is XX^-subequivalent to Q. This of course implies that F is X-amenable f [lOjl. 
On the other hand, Higson and Kasparov proved that every A-T-menable group satisfies this 
property (HSlllT!). 
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If r satisfies the KK^-ioivu of the Baum-Connes conjecture every F-algebra is KK^- 
subequivalent to a proper F-algebra (namely A is iFiF'"-subequivalent to Q® A). 

• If F is torsion free. Then Q is automatically free. Then every F-algebra satisfies 
property (KFP). 

• In the general case. Assume A is free (Q), then Q 0 A is free and proper and therefore 
satisfies property (KFP). It follows that every free F-algebra satisfies property (KFP). 

3.4. If F has a 7 element. Recall (c/. [191 I30| l that a 7 -element for F is an element 
7 e iFiF'"(C,C) such that: 

(1) There exists a proper F-algebra Q and elements D e iFiFr(Q,C) and rj e iFiFr(C, Q) 
such that '-) = rj ®qD . D and 7 are respectively the so called Dirac and dual Dirac 
element; 

( 2 ) for every proper F-algebra A, ®c 7 = 1^- 
Recall {cf. [30]), that if 7 exists, it is unique. 

• If F is torsion free and has a 7 element, then the algebra Q is free and proper, 

therefore it satisfies property (KFP). It follows that, for every hnite dimensional 
unitary representation a : F we can construct a canonical element e 

KK^j^{Q, Q) and use the element rj and D in order to define a canonical element 

Pa - V Pa ^ ^ ™ image of 7 ”. Then for every F algebra, 

we construct = 1^ ®c Pa- 

• In the same way as above, if F is no longer assumed to be torsion free, we may 
construct the element p^^^ if A is free - and more generally if Q 0 A is free. We 
then use the Dirac and dual Dirac elements to construct a canonical element p^ = 
V ®Q Pa'^^ ®qD € KK^^{A,A) in “the image of 7 ”. 

3.5. If a(F) is torsion free. Put F = a(F) (with the discrete topology). Since F is linear, it 
follows from m that it has a 7 element. We may thus define an element p? e KK^J'^{C,C) 

where a is the inclusion T a Un- Then we can use the morphism q '-T -^T in order to define 
Pa - Q* P& then put, for every F-algebra p^ = 0c p^)- 

4. Weak (KFP) property 

4.1. KK-theory elements ^vith real coefficients associated with a trace on C*T. As 

explained in Lemma 11.141 for every F-algebra A and every C*'-algebra B, we may identify 
KK{A X T,B) with K{A, B) where B is endowed with the trivial action of B. Replacing 
in this formula B hy B ® M where M is a IR-factor and taking the inductive limit, we 
find for a F-algebra A and a C*-algebra B endowed with a trivial F-action an identification 
KK^(A, B) = KK^{A x F, R) - and in the same way, KK^i^(A, B) = KK^i^{A x F, R). 

Definition 4.1. Given a F-algebra A and a trace r on C^F we have three equivalent ways 
to define the same element e KK^{A x F, A x F): 

(1) We may put [<5)^] = where 5"^ e KK{A x F, A x F 0 CF) is the class of the 

morphism 6"^ and '■ KK{B,C 0 G^F) — KK^{B,C) is the map associated with 
the trace r constructed in Definition 0 

'^Note that we only need to assume that Q ® A is free, which is much weaker: it is just a statement on the 
torsion elements of F. 





22 


PAOLO ANTONINI, SARA AZZALI AND GEORGES SKANDALIS 


(2) Starting with [r] e KK^{C*T,C), we obtain (by tensoring with A x T) an element 
(ly4xr ® [r]) e KK-^{A x F ig C*T,A x F) and, with this notation, we have {6^^ = 
{S^niA.T ® M) e KK^{A X F,^ X F). 

(3) Let as usual [r]^ e iFiF^(C, C) be the element corresponding to [r] via the identifica¬ 
tion of KK^{C*T, C) with KK^{C, C); the element 1^ 0 [r]^ e KK^{A, A) satisfies 
[(5^] = jr(l^ ® ['^]'") where jr : KK^{A,A) KK^{A x F,24 x F) is Kasparov’s 
descent. 

4.2. Weakly K-theoretically “free and proper” algebras. We now introduce a weak¬ 
ening of (KFP) property 

Definition 4.2. Let F be a discrete group. Denote by tr its group tracial state. We say 
that the F-algebra A satisfies the weak (KFP) property if [5^] is equal to the unit element 
lA>^r,R of the ring KK^{A x F,^ x F). 

This conditions means that there is a Ili-factor N with a morphism A : C*'F —>• N 
such that trjv o A = tr (where trjv is the normalized trace of N) and such that the maps 
5^ = (id^xiP ®A) o : A X F — {A >^T) ® N and = id^l^v : A x F — {A xiT) ® N define 
the same element in KK{A x F, A x F 0 N). 

Let us make a few comments on this definition: 

Properties 4.3. (1) If a F-algebra A satisfies property (KFP), it satisfies the weak (KFP) 

property. 

Indeed, if 1^ 0 [tr]’" = j^, then [<5^].] = jril^ ® [tr]’") = jr(l! 4 ^R) = lA>.r,R- 

(2) If C satisfies the weak (KFP) property, it satisfies property (KFP). Indeed, e*[(5^] = 
[tr] e KKm{C*T,C) = KK^{C,C). 

(3) Let A, B be F-algebras. If A is iFiF’"-subequivalent to B and B satisfies the weak 
(KFP) property then so does A. 

The assumption means that there exist x e KK^{A,B) and y e KK^{B, A) satisfying 
x®By - Note that y®c [tr]’" = [tr]’" 0c?/ = (1^ 0 [tr]’") 0^?/. Assume B satisfies 
the weak (KFP) property. Then jr{y ®c [tr]’") is the image in KK^{B x F, A x F) 
of jr{y), whence [d^j.] = jr{x) 0B>,r jr(?/ [tr]’") = U^e.r- 

Remarks 4.4. (1) (see Remark 12.311 If A is satisfies the weak (KFP) property, then [d)^] = 

IaxiE.r for any tracial state r. 

(2) (see Remark 12.4h Given a von Neumann algebra N and a morphism A : C’^'F — N 
such that tr^v o A = tr (where tr^v is the normalized trace of N), then A factors 
through C'*g^(F); it therefore defines a morphism <5^ : A x^g^ F —A x F 0 A". Let 
q-p : AxF -> Ax^g^F be the natural morphism. If A satisfies the weak (KFP) property, 

then (/f [(^)^] = lAxr,R the morphism gr : A x F ^ A >^red L has a KK^ one sided 
inverse. 

4.3. A construction involving coactions and torus algebras. Throughout this section, 
the following objects will be fixed: F is a discrete group, A is a F-algebra, a is a finite 
dimensional unitary representation of F. Moreover, we fix a Ili-factor N and a morphism 
A : C^F —>• N such that trv o A = tr, where as above trv denotes the normalized trace of N 
and tr is the group trace of F. 

We fix two morphisms (5i^:AxF -^AxF0A where '■ x >->■ x ® 1 and 6^ uses the 
“coaction” of F and is defined in Notation 14.51 below. 
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We now construct an element e KK^i^{T,A x F) where T = is the cor¬ 

responding torus algebra. This will be an important ingredient in our construction of the 
weaker p invariant (Definition I4.1ip . 

4.3.1. A morphism between torus algebras. There exists a Ili-factor M containing N with 
a morphism C{Un) ^ T —*■ M extending A : C’^T —^ N c M. Indeed we can take as M (a 
Ill-factor containing) the free product of N with L°°(Un) ^ F with amalgamation over the 
group von Neumann algebra of F. 

It follows, thanks to Lemma 12.51 that there exists a unitary u e M„(C) ® M satisfying 
{oi{g) (Si A(g))u = u(l (S A(g)) e M„(C) 0 M. 

Notation 4.5. Given a unital C^-algebra B and a unitary representation vr : F -> i? - in other 
words a morphism vr : C^F —^ B we will put 

6^ := (idAxE 07r) o ^ X F ^ X F) 0 .B. 

We denote by a : C*T M„(C) the morphism corresponding to a : F ^ Un- We obtain a 
morphism (5^ = (idAxE ^ x F —^ x F) 0 M„. Denote by [d;^] e KK{A x F, A x F) 

the associated KK-c\ass. 

Proposition 4.6. Let M be a lli-factor containing N and let u e M„(C) ® M be a unitary 
satisfying {a{g) 0 X{g))u = u(I 0 X{g)) e M„(C) 0 M. 

Denote by '■ A T ^ x F 0 M„(C) the morphism given by x ^ x ® 1m„(C) ^.nd 
: AX F —^ ^ X F0N” the one given by x ^ x® In- Let in '■ M„(C) M„(C) 0M the map 

defined by in{x) = x®1m o,nd in = Ad„ o 

(1) There is a morphism Adf ■■ T {i^5 ^)—*-AxF0Z(i„, = Z(idAxE idAxE ® in) 

such that A“(a,/) = {5^{a),jn{a),g) with 

(f) fort <1/2 

^ |(lAxE®w)(jn ®*M,A)/(2-2t)(lAxE®^i’') for t> 1/2. 

(2) Let p : —>• ^ X F the projection p : (a,/) a. With respect to the natural 

evaluation maps poiFi • A x F 0 in) ® Mn, we have 

PooA'f = 6^op, Po-{ao,ai,f)^ao 

Pi°^a = jn°P^ Pi-{ao,aiJ)^ai 

(3) Furthermore [A“ o /i] = h^(^{[6^] - [Jn]) ® [‘S'iM.v]) e KK{A x F 0 SN,Z{in, in)) 
where SiM,N is the inclusion SN ^ SM and where /i : A x F 0 SN T{i^,d^) and 
h ; ^ X F 0 Mn{C) 0 SM ^ ^ x F 0 Z{in, in) denote the inclusions f (->■ (0,/) and 
/-(0,0,/). 

Proof. (1) The morphism is well defined. (2) is immediate. (3) Obviously Adf{A x F 0 
SN) c ^ X F 0 Mn{C) 0 SM. We just have to compute the iFiF-class of the morphism 
A“ : A X F 0 SN -> A X F 0 Mn{C) 0 SM induced by A“. Since the action of Ad^* is trivial 
in iF-theory, we are computing the class of the sum gi + g 2 where: 

[(5^ 0iAE,A)/(2t) fort <1/2 
= fort >1/2. 
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and 

fo for t< 1/2 

fort > 1 / 2 . 

Both are morphisms from ^ xi F O SN —^ x F (g M„(C) 0 SN composed with the inclusion 
iM,N- Since the ranges of gi and 52 are orthogonal, the sum as morphisms correspond to the 
sum of the iFiF-classes. Now the class of 52 is the class of the morphism Sd^ : ^xF0S'A^ —^ 
A 0 F 0 SN induced on the suspension and [5'(5^] = I^at 0 [<5^]. The class of <71 is easily seen 
to be the opposite of the class of the morphism Sj^, for which again [Sj:^] = Isn ® [jn ]• D 

In Remark 1 1.3 1 we constructed (using u) a bimodule yielding a Morita equivalence between 
the torus algebras Z(in,in) and Z(in, in)- The iFiF-class of this bimodule is an element in 
KK{Z(in, in), Z{in, in))- We denote by its image as a class in iFiF(Z(z„, in),Z{i,i)), 
where we use the fact that Z{in,in) = Mn ® Zi^i, where i is the inclusion i :C ^ N. 

Define 

■-=[Al]®[Eu]eKK{T,Ay^r®Zi,i) . (4.1) 

Proposition 4.7. Denote hyh'- Ay^T ® M„(C) 0 SM A x F 0 0 Z{i, i) the inclusion 

f (0,0, /), and let po,Pi : ^ xi F 0 Zi^i ^ A x F be the natural evaluation maps. 

(1) We have 

iPoUO = ( 4 . 2 ) 

(pO.d’f) = UDp] 

V(0 = L(([J^]-[i4])®[SiM,K]). (4.3) 

( 2 ) does not depend on u; 

(3) ip^ behaves in a natural way with respect to inclusions : M ^ M of lli-factors, 
namely 

where jj^ ^ is the map induced by i-j^ ^ on the cylinders. 

Proof. (1) The equality follows directly by Proposition 14.61 and the first Remark 11.31 

(2) This follows from the connectedness of the group of unitaries of a von Neumann 
algebra. In fact, another unitary u' in M„(C) 0 M satisfying {ag 0 Xg)u' = u'{l® \g) 
is of the form uv, where u is a unitary of the von Neumann algebra (M„(C) 0 M) n 
{A„ffeF}'. 

(3) By part (2), we can construct ip^ using the unitary u = (id^^(c) 

Let t: C ^ M be the inclusion in M, and : Z{i,i) ^ Z{l, t) the induced map 
on the cylinders. In this way, the Morita equivalence [R'n] used in the construction 
is compatible with the inclusion of cylinders. 

□ 

Definition 4.8. We denote by the element 

= di'iP^) e KKli^{T{i^,5i),A^ F) 

where d : KK{T{i^ ,5^), Ay^T ® Zi^i) -> K Ki^i.^{T{i^, 5^), AyiV) is the morphism described 
in B.emark ll.lll 
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Proposition 4.9. (1) The class doesn’t depend on the choices involved in this con¬ 

struction. 

(2) The image d{a^) e KK{T{l^,5‘^),A x F) through the connecting map of the Bock- 
stein exact sequence is d{a^) =p*{[d^] -uIa^v)- 

(3) The image h*(a^) e KK^i.^{AxiT ® SN, AxiT) is the image o/([5^]-nl^xir) ® Isa ^ 
KK{A X r ® SN, A X r 0 SN) = KK^{A x F 0 SN, A x F 0 N) through the composition 

KK^{A yiT®SN,Ax>T®N) ^ KK^iA x F 0 5iV, A x F) ^ KK^/^iA x F 0 SiV, ^ x F). 

Proof. (1) We know that does not depend on the choice of u. Furthermore, it behaves 
well under trace preserving inclusions of IIi-factors. Since •) is defined by 

the limit (jl.2p with respect to all these inclusions, every choice of M defines the same 
class. 

(2) It follows from Remark fl.lll and Proposition 14.61 in fact: d{a^) = (d o = 

[^a°p] - [jn°p] =P*i[^a] " Uxe), since [j^] = nlA>.r. 

(3) It is a consequence of (14.3p . because the inclusion SN Ci induces the change of 

coefficients M ^ M/Z. □ 

Remark 4.10. Let A^i c be a sub-factor of N containing A(F). The torus algebra ^5^) 
associated with Ni is a subalgebra to the one associated with N. Obviously, the element 
associated with Ni is just the restriction of the one of N. 

4.4. Construction of p^. Let A be a F-algebra satisfying the weak (KFP) property, and 
a a finite dimensional unitary representation of F. 

By Remark 14.41 [<5^ ]r = ral^xir where denotes the unit element of the ring KK^{A x 
F,^ X F). Using the Bockstein change of coefficients exact sequence, it follows that there 
exists 2 e KK^i.^{A x F, A x F) whose image in KK{A x F, A x F) is [5^ ] - nlAyiV- 

We now construct a class e KK^i.^{A x F,^ x F) whose image in KK{A x F,^ x F) is 
[5^]-nlA^r- 

The important fact in our construction, as for the one given in Definition 12.81 for the 
stronger context, is that the element is independent of all choices. 

Using the torus and the corresponding exact sequence (see Section fL^ . this 

means exactly that there exists a class y e KK{A x d^)) with p*{y) = Ia^e where p 

is the projection p ■ ^ x F. 

Definition 4.11. We denote by p^ e KK^ij^{A x F, x F) the product y 

Theorem 4.12. (1) The image of p^ under the connecting map of the Bockstein change 

of coefficients exact sequence KK^i^{AyiT,A>iT) ->■ KK{AyiT,A>^T) is J-tiIaxE- 

(2) The class p^ does not depend on the choices of N and y involved in its construction. 

Proof. (1) We have dp^ = = y'^T{LA, 5 A)P* {[da]-nlAy>T) by Proposition 

[321 Whence dp^ = p^y 0AxE ([^a ] - "RIaxe) = ] - wIaxE since p*y = IaxE- 

(2) Fix first N. We show that if z e KK{A x satisfies p*{z) = 0 then 

2 i^) - b- Using the torus exact sequence, it is enough to show that for 

every z e KK{A x F, A x F 0 SN) we have h^{z) ®r{iA^sf) ^ ®AxE(8)SA = 

0. But, as A satisfies the weak (KFP) property, [(5^] - uIaxE is the 0 element in 
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KK^{A X r, A X r) therefore, by Proposition 14.91 h*{a^) = 0. This shows that, given 
N, p'^ is independent on y. 

Let A^i be a Ili-factor containing N. Denote by j : the inclusion. Put 

Ai = j o A : C^P A^i, = (idAxiP <8)i) : A x P AxtT ® Ni and pi : T{l\, ^ x P 

the morphism (a,/) >->■ a. Put yi = j*{y) e T{i\,d^^). It follows from remark 
I4.1UI that (A^i,yi) and {N,y) define the same element Using amalgamated free 
products, we then see that is also independent on N. □ 

Remark 4.13. If A satifies property (KFP), it is in fact quite easy to compare the two 
constructions of p^ of Definition 12.81 and the one we just constructed, by showing that 
Pa - ir(Pa)) where jT : KK^J^{A, A) ->■ KK^i^{A»T, AxP) is Kasparov’s descent morphism. 

Indeed, the Kasparov descent of a Kasparov bimodule {E, F) e A®Zi) joining {A, 0) 

and {A 0 Px) is an element y e KK{A x as above; the gluing construction “o” 

corresponds to the bimodule . It follows that the image by jr of (the class of) the 
bimodule 

(K0U„F0l)oid^8„(K0K,F0l) 
is y Taking the images in the result follows. 
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